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1
There`arevariousmethodstoapproachthestatisticalestimation
problem.InthispaperwefirstnotetheRao[7コ ーBlackwell[2]
theoremorBlackwell-K・cllMoropoB[5]theoremonminimumvariance
unbiasedestimators,ThenweintroducetheK高raHtheoremona
sufficientsystem,whichisageneralizationoftheprecedingtheorem.
When七heredoesnotexistasufficien七sta七isticorasufficientsystem,
thesetheoremsdonothold.Whenweapplythemethodofthecalculus
ofvariations,wecanderiveminimumvarianceunbiasedestimators
underverygene;alconditions.Whenthereexistasufficientstatistic,
theresultbythismethodwillbethesameasthelowerloundof七he
Cram6r-Raoinequality.
2
R・・[8]d・ ・ivess・m・fund・m・nt・1・e・ult・・nminimumv・ ・i・nce
unbiasedestimators.Oneofthetheoremsderivedthereis七heRao_
(1)
Blackwelltheorem.Thistheoremissta七edasfollows:
Theoreml.Let彦=彦(のbeasWffiotentstatisticforθ,ωherebothtα 掘
(1)InUSSRthistheoremisoftencalledtheBlackwell-KonMoropoB
theorem.Forexample,seeKaraH[4コ.
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θ 〃Zαツ1形vectOTvaluedancltl='1(のanyotherstatistic.ijgisanタノ'unGtion
σ θ,'乃θπ
E{'1-9(θ)}2≧E{乃(t)-9(θ)}2(1)
ωhereh(彦)-E{tL[≠}isi加dePendent(ゾ〃・h(のisz〃thiase4/br8(θ)if'1is
π例わiasea.
Inthiscase,i七isassumedthatIlrebeaclassofprobabilitymeasures
overthesamplespaceofobservationsX,indexedbyaparameterO
(whichmaybevectorvalued)withvaluesinaspecifiedparameter
spaceθ.
Theabovetheoremisproved,usingthepropertyofasufficient
statisticandtheconditionalexpectation.Sincetissufficientforθ,
E{tll(}isindependentofθ.Thush(のisindependentofθ.Byvirtue
ofthepropertyofconditionalexpectation
五て彦1)・=E{E('1【の}=E{戻 の}(2)δ
whichshowsthattlandh(のhavethesameexpectation.
Further
E{h(t)[tl-h(の]}==E{h(t)[E(t⊥-h(彦)lt)]}昌0,(3)
　Slnce
E{≠1-h(のlt}==E{tLIt}-E{ゐ(の}=E{h(彦)}-E陶{h(の}==O.(4)
Usingtheabovetworelations,weobtain
E{≠1-8(θ)}2=E{t,-h(の十 ゐ(の一8(θ)}2
=E{tl-h(の}2十E{h(の一8(の}2
≧E「{h(彦)-9(θ)}2,(5)
Slnce
E{tl一乃(の}{h(の一8(θ)}
=E{[ti-ph(の]乃(の}-8(θ)E{tl-h(の}
==0-0菖0.(6)
1
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Theequalityintheaboveequationofinequalityisattainedonlywhen
tl==h(t)almosteverywhere・
3
Developingasufficientsystem,KaraH[4コgenelalizestheabove
Rao-BlackwellorBlackwell-KoxMoropoBtheorem.
～(2)(3)
KaraHintroducesL2。={ψ ω(x)}asalinearsystemofU-measurable、
functionsonthespacei短withachosenσ 」algebraicsubsetsU,with
thecondition
∫q。、(x)2aPe(の<。。(7)
能 の
foreachtiEθ,ItisassumedthatlEL,. 』バ
ForeachθEθitispossibletoconsiderL2asaunitaryspace,if
scalarproductoffunctionsf(x)and8(x)isdefinedintheordinary
way:
(f,9)θ一 ∫f(の8(〃)dPe(x)・(8)
詑
～
SupplementofL2bythemeasurePewillstillbeaHilbertspace;バ
itisdenotedbyL2(θ).1七isassumedthat
4Pe(x)/dμ(x)=昌1)(x;θ),P(x;θ)>0(9)
on薦foreachθEθ,andp(x;θ)isdifferentiablewithrespecttoa
parameterθ.
KaraHintroducesaninformantofthefamilyof
ノ(万;〃)』」璽∂箏;の ⑩
andassumesthat
リ バ ね バ
(2)AsystemL2iscalledlinear,iffrem91cL2.SD2EL2followso191十 〇」ψ2己2
foranyrealconstantsclandc2.
(3)』Thatis,suchthat{x:～oα(x)<C}EUforeachC・
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1(θ)=五b∫(x;θ)2<QO.(ロ)バ
Hedefines∫(x;θ)asfollows:
フ℃》;θ)=∠!iθ{1(x';θ)lz2(θ)},⑫あ
where」EeisasymbolofconditionalexpectationinwidesenseofDoob
ノ》 卍
[3コ・ ノ(x;θ)represents七heprojectionof1(x;θ)inL2(θ)・み
Ift(x)EL2isanunbiasedestimatorofaparameterθ,・i。e.
∫彦ω ρ(x;θ)4μ(の一乱 ⑱
駕
andthisequationand
∫P(x;θ)4μ(の一1⑭
能
canbedifferentiablewithresp母cttoaparameterundertheintegral
sign,thenthefollowingresult・willbeobtained:
∫{t(め一θ}∂ク!錫のdPt(の一1⑮
or
∫{'(の一θ}」(x;のP(x;θ)4μ(の一1・ ⑯
誕 ゆ
Since彦(x)一 θ`L2,
∫{彦(の一θ}ノ(κ;のρ(万;θ)姻
詑
一∫{t(の一の7(x;θ)P(x;θ)4μ⑦ ・ ⑰
Theaboveresultwillbeobtained,usingthedecompositiontheoremけ
ofHilbertspace.Thatis,ノ(x;θ)willbedecomposedintoノ(x;θ)　
andθ(x;のwhichisorthogonaltoノ(〃;θ)・
Thus
∫{t(の一θ}」(x;のP(x;ti)4μ(の麓
一 ∫{∫(の一 θ}ル;θ)汐(ル;θ)吻(の
駕
+∫ 悔)一 θ}・(x;のP(x;θ)4μω ・ ⑱
認
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However,'(の 一 θ`、乙2isorthogonaltoe(x;の,sothat
(彦ω 峨 姻 の)イ{≠(万)一齢;・)ρ(躍;θ)吻ω 一・・⑲
駕
ThusbyvirtureofCauchy-ByHHKoBcK曲inequality
i〈一 ∫{t(x)一θ}・P(x;θ)4μ(の・∫ 云 κ;θ)・P(x;θ)4μ(x)・⑳
能 詑
Inthisway,undertheordinaryregularityconditions,thefollowing
theoremisproved.
TheOrem2.写t(のisanuvabiasedestimatorofa少 αrameterθ,belonging
り
toL2,th6η
1
酬t④ 一θ}2≧礒
;の・.⑳ バ リ
Sincebyvirtuedfthedefinitionofノ(x;θ),Eeノ'(x;θ)2≦1(θ)=
Eeノ(x;の2,thentheaboveinequalitydefinesmorepreciselytheordinaryバ
inequalityofRao-Cram6rfortheestimatorfromL2.
]iaraHdefinesasufficientsysteminthefollowingway.ByL2is
definedalinearsystemofeachU-measurablefunctionψ(の,forwhich
∫ψ(x)2dPe(x)<・・ ⑫
詑
foreachθ`6}. バ
LinearsystemL20fthefunctions,satistying
∫ ψ。(x)2aPe(x)<・・ ㈱震'
foreachθ`θ,iscalledasufficientsystemforthefamilyP=={Pe;θ`θ},バ　
ifforanyfunctionψ(x)εL2thefunctionsψ(x)`L2arefoundsuchthat
foreachθ ∈㊧
ム 　ヘノ バ
Ee{q(の1五,(の}==q(の ・ ⑳
Usingasufficientsystem,KaraHgenelalizestheBlackwell-KonMo-
ropoBtheoreminthefollowingway.ハ
TheOrem3・1アL2is¢sufficientSPtS彪m!br瓦containinga!「unρtiOP
毎
一94-TheEconomicReview,Vol.18.No.1.
ψ(の=1,thenan〃 玩 〃αリノestimator9*(の(ゾanツ ノ'unction8(のcanbe
り の
rePlaceaゐツtheestima彦or8(の εL22vithsuchProPeγtiesasバ
1)Fe9*(x)=・Ee9(x),㈱
ぬ
2)Ee[8*(x)-9(θ)コ2⊇≧Fe[9(x)-9(〃)]2② ㊦
ノb7eachθ`㊧・ バ お
Inparticular,asufficientsystemL2,forwhichlfL二,isacomplete
classofestimators。
Theabovetheoremcanbeeasilyproved,usingtheknowledgeon
Hilbertspace.
KaraHderivesthenecessaryconditionsforasufficientsystem,み
containingψ(の 冨1.ItisassumedthatthedistributionsPearegiven
forcertainmeasureμbypositivedensity1う(x;θ).Let鰹besuch
ameasurablesubset託,thatforanyθ,∈ θ,〃"`θtheconstantso1(θ ノ,θ")
ando2(θ ノ,θ")withthecondition
61(θ'・θ〃)<辮ll<・ ・(θ・・θ〃)… 託・ ⑳
isfound.Forψ(x)EL2the``cut,,ofψ(x)on㌶ ノisintroduced:
[ψ(の]一{ξω'慧 ⑳
IfHisalinearsystemofthefunctionsfromL2,thenby[Hコhe
denotesaclosure(foranyfromthemeasurePe)ofalinearsystemof
thefunctions,obtainedfromHwithhelpoftheaboveoperation.
Undertheseconditionsthefollowingtheoremholds.
　 　り
Theorem4.IfL2isasufficientsystemfor伽 ノ爾 殉 〃andl`五2,
thθn〃診θcutonIXi'(ゾallPossiblθlih61ihoOdOfatiOS
ノ ノ
編 …・θ二;eT・… θ;)一餐甥 …舞i霧 ⑳
バ
belongsto[五司 ・
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Hereθ1,_,θ1;0;,_,θlareanarbi七rarysetofthepointsof
aparametricse七 θ.
IdaraHprovesthistheoreminthefollowingway.Forarbitrary
el・θ・θ1・e7V・d・n・tesalinea・y・t・m・f七h・fun・ti・n・a(畷 峯ilil・
ぼ ぼ
whereψ(x)runsthrough、 乙2.
　 バ
Lemma・Jf五2isasuffictent砂5彪m,then[L2コ⊆[Mコ ・り
Thislemmaisprovedbycontradiction.If[五2]⊃[M],itwould
bepossibletofindafunctionΨ(x)cL2(01)suchthat
∫V(の ψ(x)ap・i(x)一・f・ ・ea・hq(・)・[M]⑳
託
and
∫殉[V(・)]ap・i(x)≠・f・ …m・a(x)・Z・ ・BD詑
From⑳and⑳itisobviousthatitispossibletoconsiderΨ(x)E[L2].
Further,from60wewillconcludethat
∫ur(・)[V(x)]dP・f(x)==・f・rea・hφ(x)・Z・・ea
誕 ワ
Buttherelations⑳andB2contradictthefactthatL2isasufficient
systemfor11,since幽willgiveム バ
Eθf{Ψ(x)lL2(θ1)}==O・(33
butfrom⑳itfollowsthat
ム 　り
Eei{Yi'(x)lL2(θ1)}=1=0・ ⑬の
Turningbacktotheproofofthe七heorem,from,thelemmaand
バ バ 　ノ
theconditionl`L2itisreducedthatthefunctionqo(のE[L2]with七he
condition が
[v・ωll瑠 」一[1コ8s
isfound.Fromhere
畷1}1〕禰 ・向Be
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Fortheprooftha七 七hecuton2)(i'ofthebikelihoodratiosof《the
・ec・nd・ ・der》A(x;θ1,0i;θ1,θ;)b・1・ng・t・[Z,コ,iti・neceli・a・yt・
・・n・idera・1・・ure・fth・ y・t・m・fthecut・ffun・ti・n・a(畷峯il;1・
wherea(・)・un・th・・ughZ・a・b・f-Since〔 舞 需 〕 ・[Z・コ・th・nぼ
fullyanalogouslytotheprecedingitisobtainedthatafunctionψi(x)`バ
[L2コwiththecondition
ガ タ
〔φ1ω器il;}}〔衰難劣 〕 ⑳
isfound,andfromhere
グ ノ
〔lilil}1綴ilil〕・[z・}㈱
Continuingthisprocess,thetheoremisproved.
4
1ntheRao-BlackwelltheoremorBlackwell-KollMoropoBtheorem
asufficientstatisticforθplaysacrucialrole,Whenasufficient
statisticdoesnotexistforθ,wecannotderiveorutilizethistheorem.
Thesituationis七hesameforasufficientsystemwhenitcannotbe
found.Raomuchemphasizesaroleofsufficientstatistics.However,
itwillnotalwaysbevalidforhimtoexpressthatinviewofthe
Rao-Blackwelltheoremonehastosearchforminimumvariance
estimatorsonlyintheclassoffunctionsofasufficientstatistic.
Inmanycases七hereexistsufficientstatistics.However,wehave
acasethatforsomeprobabilitydensityfunctiontheredoesnotexist
(4)
asufficientstatistic.Forexample,theprobabilitydensityfunction
2う(x;θ)==ρ(θ)乃(x)θ一θLプ(m)十ω(θ)8(x)θア(m),¢39
(4)Forexample,seeNieto[6コ ・
`OnMinimumVarianceUnbiasedEstimators(Takeuchi)一97一
wheretherangeofthevectorx=(♪ ヒrl,∫彰「2,吃●・,Xn)isindependentofθ,
andh(x)キk8(x),foranyvalueoftheproportionali七yconstantん(≠0)・
This∫)(x;θ)doesnotsatisfyanecessaryandsufficientconditionfor
aprobabilitydensityfunctiontoadmitsufficientstatistics.Thus,this
p(x;θ)doesnotadmitasufficientstatistic.
・nth・ab・veca・eassuming∫t・(x)P(x;θ)4μ(のく …wecanderiv・
aminimumvarianceunbiasedestimator,applyingthemethodofthe
calculusofvariations(see,Nieto[6コ).
ApPlyingthemethodofthecalculusofvariations,wecanderive
minimumvarianceunbiasedestima七 〇rsingeneralwayinmanycases,
evenwhentheredonotexistsufficientstatistics.
Ourproblemistofindaminimumvarianceunbiasedestimator
'*(のwhichminimizesthefanctional
ノ国 一 ∫{≠(X)一9(θ・)}・P(X;θ・)4μ(の ㈹R(勿)
ataparametervalueθ=θo,subjecttothesideconditions
∫ 診(x)P(x;θ,)6μ(の一8(θ,)(ブ ー1,2,…,m).ωR x)
Inthiscaseweassumethatt(の`五2withrespectto・aprobability
measurePe,and
鵠 紹 一ρ(・;の・ ⑫
where
∫P(x;θ)4μ(x)-1⑬
R(x)
forallθ`θ.
Constructingacompleteorthonormalsequence{ψi(x)}ofsquare
integrablefunctionswithrespecttoPe,andusingRitzmethodinthe
calcμlpsQfvariations,wecanprovetheexistenceofaminimum
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varianceunbiasedestimator,whichsatisfiestheaboveconditionsfor
(5)
bothfiniteandinfinitem.
Thenweestablishtheconditionsunderwhich彦*(のbeexpressed
in七ermsofalinearoperator.Intermsofa1inearoperator7'itwill
beexpressedasfollows:
T∫h⑦P(・;θ)蜘)一 ∫'・(脚)P(x;θ・)4μ(x)㈲
orinStein,snotation[10]
小x)π(x;θ)ap・(x)一∫'・(脚)dP・(x)㈲
foranarbitraryh(x)cL2 ,where
π(x;θ)一嬬1・ 五・ ㈲
AitkenandSilverstone[1]u七ilizethemethbdofthecalculusof
variationstoderiveminimumvarianceunbiasedestimators,butthey
failtoobtainamathematicallyvalidresult.Theyarecritsizedby
Nieto[6]andPoMaHoBcKH且[9].Nietoappliesthemethodofthe
calculusofvariationstoobtainminimumvarianceunbiasedestimators.
Howerer,ourapproachismathematicallydifferentfromhisonein
severalpoints.
Nexttimewewillapplyourresulttoconcreteproblems,and
extendittothecaseofmorethanoneparameter.
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